ABSTRACT. The possibility to adaptively change discretization density is a well acknowledged and used feature of many continuum models. It is employed to save computational time and increase solution accuracy. Recently, adaptivity has been introduced also for discrete particle models. This contribution applies adaptive technique in probabilistic discrete modelling where material properties are varying in space according to a random field. The random field discretization is adaptively refined hand in hand with the model geometry.
INTRODUCTION
he adaptivity of model geometry has been originally developed for elastic problems [1, 2] and later applied also in inelastic problems with localization [3, 4] . The classical rigorous approach involves an error estimation, remeshing criterion, mesh re-generation and transfer of variables onto the new mesh. Recently, the adaptive concept was applied also in discrete modelling [5] . The goal of this work is to extend it for probabilistic discrete models. Discrete models represent the material via collection of interconnected rigid bodies organized into a net structure. There are several versions of discrete models developed and used for many purposes. In case of simulating fracture in concrete, the lattice models are often employed [6] [7] [8] . These models represent the concrete meso-structure by projecting it onto the independently generated lattice. They are excellent in describing fracture phenomena, but applicable only for small laboratory specimens due to their extreme computational demands. Another group of discrete meso-level modelling approaches, sometimes called particle models, generates the network geometry directly according to the meso-structure of concrete [9, 10] ; typically one node for each mineral aggregate. We focus here on the latter group with geometry generated via Voronoi tessellation [11] [12] [13] [14] . Though some reduction of computational cost in particle models is achieved when compared to the lattice models, further reduction would be desirable. It can be done by adaptive construction of the discrete geometry as described in [5] .
Availability of adaptive refinement allows starting simulation with coarse discretization and refining it adaptively during the simulation run only in areas where needed.
T
In some applications of fracture simulations, it might be important to consider additional material randomness (besides the one covered by the random location of nodes in the discrete model) usually represented by a random field [15] [16] [17] [18] . An extension of the discrete model by fluctuation of material parameters according to a random field was developed in [18, 19] . In this contribution, the adaptive concept is extended for such probabilistic discrete fracture models.
PROBABILISTIC DISCRETE MODEL
he model uses random geometry to avoid directional bias that occurs in any regular structure. Domain of the modeled body is filled with nuclei with randomly generated positions. These nuclei are added sequentially with restricted minimal distance lmin. The parameter lmin controls size of the discrete bodies and therefore it should correspond to the size of heterogeneities in the material. In concrete, this is typically a size of the mineral aggregates. Each of the nuclei will serve as one model node with associated six degrees of freedom, three translational and three rotational. The connectivity of the nodes is given by Delaunay triangulation. Dual diagram of Delaunay triangulation called Voronoi tessellation then creates geometry of the rigid bodies. Rigid bodies have common contact facets, which are perpendicular to their connections because of the Voronoi tessellation properties. There is a complex damage-mechanics based constitutive law used at the facets. Its deterministic version has been adapted from [9] , where it is also described in detail. The main material parameters for fracture behavior are tensile strength, ft, and tensile fracture energy, GF. The probabilistic extension of the model is elucidated in [19, 20] . Here, only brief description of the probabilistic part is given. Both the tensile strength and fracture energy in tension are assumed to be governed by single random field H with mean value 1 and probabilistic distribution with Gaussian core and Weibull left tail. The correlation structure of the random field is given by square exponential function with single parameter, l ρ , called the correlation length. The strength and fracture energy of every model contact with centroid c are given by
with X being the mean value of the material parameter X . The square in the equation for fracture energy is added to preserve constant material characteristic length [20] . In the adaptive model, new contacts are created after every refinement. Therefore, the random field values at the new contact centers must be generated after every refinement. This is effectively done using kriging. Initially, standard Gaussian random field realizations ( Ĥ ) are generated on points arranged in a regular grid with spacing l ρ /4. Random field value at point c is then estimated using the optimal linear estimation method [21]  
and finally standard Gaussian field is transformed onto the Weibull-Gauss field ( H Ĥ  ) using isoprobabilistic transformation. Vector ξ collects realizations of K independent standard Gaussian variables, λ and ψ are K eigenvalues and eigenvectors of the grid covariance matrix and cg C is the covariance vector between the grid points and point c .
ADAPTIVITY
nly brief description of the adaptive concept in deterministic model is given. Deep elucidation is provided in [5] . The refinement criterion is intuitive. It is based on an average stress in the rigid bodies calculated using the fabric stress tensor. For rigid body associated with node i, the average stress components st
where j runs over all nodes in contact with node i, F is a vector of contact force, c is the centroid of the contact facet and V is a volume of the i-th rigid body. The Mazar's equivalent stress serves as measure of the stress level, σ eq . In probabilistic model, the contacts have random strength. Assuming that the random field does not change too much within one discrete body of the model ( l ρ <l min ), it is reasonable to estimate strength of hypothetical newly created contacts within the i-th coarse discrete body by strength at node i at coordinates i x . After every solution step, average stress tensors in all rigid bodies belonging to coarse discretization are evaluated and the Mazar's equivalent stresses are calculated. The refinement takes place whenever the equivalent stress exceeds chosen strength level γ
The node associated with the rigid body satisfying Eq. (4) serves as a center of the refinement sphere. The safe value of parameter γ was determined as 0.7, i.e. whenever equivalent stress reaches 70% of the tensile strength, the refinement takes place. The refinement is sketched in Fig. 1 . All the nuclei inside the refinement sphere that does not belong to the fine discretization are removed. New nuclei are added into the refinement sphere according to the sequential algorithm described in the previous section. The parameter l min controlling the discretization density changes based on two additional length parameters, rf and rc. The linear transition from coarse (lmin=lc) to fine (lmin=lf) discretization is included within the circular ring of outer (inner) radius rc (rf) in order to minimize the shape distortion of the bodies. If the transitional regime is omitted, the sharp change in discretization density would produce significantly elongated body shapes inducing directional bias and anisotropy.
NUMERICAL EXAMPLE
erformance of the proposed adaptive algorithm is demonstrated on simulation of four-point bending test with incorporated material randomness. The computer code used for calculation is an in-house software. The beam geometry is shown in Fig 2. The deterministic model parameters were taken from simulation of experimental series in three-point bending [22] . The average tensile strength is ft=2.2 MPa, fracture energy in tension is GF=35 J/m 2 and elastic modulus is 60 GPa. All these parameters are applied on the meso-level, they are not equal to the corresponding macroscopic properties of the model. The adaptive algorithm uses the following parameters: rf=60 mm, rc=120 mm, lf=10 mm and lc=30 mm. The parameters of the probabilistic extension are arbitrarily chosen according to [19] . The correlation length and the coefficient of variation of the random field is 80 mm and 0.25, respectively. Three model types are used: (i) the fine model, that uses fine discretization everywhere from the beginning; (ii) the coarse model, that uses coarse discretization all the time; and (iii) the adaptive model, that starts with coarse discretization and refines it adaptively. Fig. 3 shows on the left-hand side identical responses of one simulation using the fine model and one simulation using the adaptive model with the same refined meso-structure and also the same random field realization. The resulting crack patterns as well as the random field applied are shown in Fig. 4 . 
CONCLUSIONS
he probabilistic discrete model has been extended by an adaptive technique that allows significant reduction of the computational time with no effect on the obtained results. The probabilistic model had both fracture energy and tensile strength assigned according to the random field. The random field discretization was adaptively refined on the run hand to hand with the discretization of the model. The adaptive algorithm was verified by simulating four-point bending test. Usage of the adaptive concept is limited to the specific types of the discrete models that have elastic behavior independent on discretization density. Moreover, the presented concept is available only for static models. In dynamics, the translations and rotations and their first and second order derivatives cannot be computed from scratch and needs to be somehow estimated from replaced coarse mesh via some transfer algorithm. 
